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1. Introduction

In previous submissions ([1], [18], [19], [20]) Sharp proposed the use of Optimized Zadoff-Chu-Like (OZCL) sequences for the UL demodulation reference signals.  The reasoning behind this is that OZCL sequences:

· Have lower mean and median cross-correlation than truncated Zadoff-Chu (TZC) or extended Zadoff-Chu (EZC) sequences compared to OZCL sequences in terms of SINR generated [18], and

· The full set of OZCL sequences has PAPR/CM that are essentially the same as for QPSK, and lower than for TZC and EZC [18].

In this submission, after briefly reviewing the case and summarizing the results and advantages of OZCL sequences from [18], Sharp presents updated results that verify the performance improvements for OZCL sequences, including bit error rate performance results for related UL data transport using OZCL UL RS DM sequences. For this submission, we have generated 144 OZCL sequences, all having subsets that are cyclic-shift orthogonal, and all having CM within 0.02dB of QPSK, in response to comments that “more sequences are better.”  We shall also discuss Implementation considerations, and provide an Appendix which describes and defines the OZCL Sequences and their method of generation. 
2. OZCL Sequences and Their Advantages

2.1. Discussion

OZCL sequences offer significant gains for UL RS use compared to Extended Zadoff-Chu (EZC) sequences and Truncated Zadoff-Chu (TZC) sequences, as this contribution shows.

Based on these results and the properties of OZCL sequences, Sharp recommends that these sequences be used as UL DM RS, for length 12, and recommends the approach used to generate these sequences to be used for up to length 36 sequences..  We believe our approach represents the best way to obtain a single set of sequences that are designed to meet the requirements of E-UTRA for small RB allocations: our sequences simultaneously provide lower PAPR and cubic metric, lower cross-correlation, and better performance with sequences of different (unequal) lengths.  Moreover, for practical implementations of UE PHYs, for small resource block allocations, it makes more sense for sequences to be stored numerically, regardless of whether TZC or EZC sequences are used, or whether computer generated sequences such as OZCL sequences or sequences generated according to [21] are used.  This is because for TZC or EZC sequences, it would add additional complexity to compute a cyclic shift of an inverse FFT’d signal prior to up conversion.
2.2. Summary of OZCL Performance Relative to EZC/TZC Sequences
Table 1 : Comparison of length-12 Sequences: OZCL vs ZC Extension/Truncation.

	
	OZCL
	ZC Extension
	ZC  Truncation

	Number of Sequences with CM within 0.05dB of QPSK
	12 Base Sequences X 12 cyclic shifts= 144
	6
	6

	Worst case raw CM

QPSK(3.44 dB)
	3.46dB 
	3.86 dB  
	5.2 

	Sequence planning
	Easier (or avoided)
	Harder
	Harder

	Underlying Sequences are truly CAZAC
	YES
	NO
	NO

	Mean and median cross-correlation
	Lower
	Higher
	Higher

	Sequence hopping for 1 RB (UL RS, ACK/NACK)
	Better
	Worse
	Worse


2.3. Sequence SINR Comparison from R1-072053

In R1-072053 [18], we reported on correlation properties of OZCL sequences, and compared them to TZC and EZC sequences.  Note that these are not the same sequences contained in this submission.  The [18] simulation included the CDF of received SINR for OZCL, TZC and EZC sequences. We reproduce the summary of those results here in Table 2.  
Table 2  Median SINR Performance from R1-072053
	Sequence
	Length 12 Sequences
	Length 36 sequences, 
4 sequences/sector
	Length 12 and 
Length 36 Sequences, 
4 Sequences per sector

	
	2 Sequences/sector
	4 Sequences/sector
	
	

	
	SINR
	 OZCL
	SINR
	 OZCL
	SINR
	 OZCL
	

	OZCL
	0.06dB
	-
	-4.19dB
	-
	0.29dB
	-
	-3.84dB

(36&12)
	-4.67dB

(3x12&12)

	TZC
	-0.35dB
	-0.29dB
	-5.44dB
	-1.25dB
	0.05dB
	-0.24dB
	-4.97dB  (36 & 12)

	EZC
	-1.07dB
	-1.01dB
	-6.42dB
	-2.23dB
	-5.62dB
	-5.34dB
	-


3. Updated OZCL Sequences and New Results
In this Section Sharp presents updated results that verify the performance improvements for OZCL sequences, including cross-correlation results, and BER performance results for related UL data transport using OZCL UL RS DM sequences
For this submission, based on using the TZC sequences as proposed to be generated in [19], we have generated 144 OZCL sequences, all having subsets that are cyclic-shift orthogonal, and all having CM within 0.02dB of QPSK are given in the embedded file here: 
These sequences were generated in response to remarks made on the e-mail reflector [22 ] that “more sequences are better.”   
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In addition, we have generated 144 length 36 sequences; they are in the file embedded here:
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3.1. Cross Correlations of Sequences – OZCL, TZC, EZC
In this section we show cross correlations for the OZCL sequences updated in this contribution, and compare them with TZC, EZC and Random ZC.

Figure 1 and Table 3 show the cross correlations comparison for length 12 sequences

In addition, we show below the cross-correlations for 144 length 36 sequences using the same algorithm parameters as was used to generate the length 12 sequences.   
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Figure 1  Cross-Correlations of 144 Length-12 OZCL and TZC Sequences

Table 3  Cross-Correlation of 144 Length 12 Sequences

	Sequence
	Mean
Cross-correlation
	Median
Cross-correlation

	OZCL
	0.237
	0.239

	TZC
	0.250
	0.261

	EZC (not shown)
	0.240
	0.289

	Random CAZAC
	0.247
	0.241
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Figure 2  Cross-Correlation CDF for 144 Length 36 Sequences

Table 4  Cross-Correlations of 144 Length 36 Sequences

	Sequence
	Mean
Cross-correlation
	Median
Cross-correlation

	OZCL
	0.123
	0.132

	TZC
	0.126
	0.142


3.2. UL Data BER performance using UL RS Sequences – OZCL, TZC, EZC
In Table 5 and Figure 3, we present new results for BER performance for length 12 sequences, for 1 UE per sector, and in Figure 4 and Table 6 for 2 UEs per sector .    The results are for UL data transport using OZCL UL RS DM sequences, uncoded data, assuming 1 stage of interference cancellation is used, with 4 antennas.  
In Annex A.1 we present more details of the Updated OZCL Sequences. Simulation methods are discussed in Annex C.
Table 5  UL Data  BER Performance 1 UE per sector using UL RS Length 12 Sequences
	Sequence
	1 UE per sector, 3 sectors, 1000 Trials

	
	Mean BER per Subframe
	Median BER per Subframe

	OZCL
	0.199
	0.168

	TZC
	0.202
	0.167

	EZC
	0.207
	0.172
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Figure 3  Uncoded UL Data BER performance, 1 UE per sector using UL RS Length 12 Sequences
[image: image6.emf]0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

BER per subframe

Fraction of Trials with 

BER per subframe <= Abscissa

 2UEs per sector, Uncoded, 

TZC and OZCL Sequences


Figure 4   2 UEs per sector, uncoded UL Data BER per subframe using UL RS Length 12 Sequences
Table 6   2 UEs per sector, uncoded UL Data BER per subframe using UL RS Length 12 Sequences
	Sequence
	2 UE per sector, 3 sectors, 500 Trials

	
	Mean BER per Subframe
	Median BER per Subframe

	OZCL
	0.299
	0.357

	TZC
	0.304
	0.370


4. Implementation considerations

We wish to address in this section the following considerations:

1. PAPR/CM of the sequences
2. Generation and storage of the sequences.
3. Compatibility with frequency hopping, sequence hopping, shift hopping
We believe that these are not substantial issues with respect to OZCL sequence, and in fact, have advantages over and above TZC or EZC sequences.
4.1. PAPR/Cubic Metric of the Sequences

In Annex B, we mention that the PAPR algorithm as derived in [7], when applied in the frequency domain, yields a set of sequences that are constant modulus in that domain. In order to verify the value of the cubic metric for those sequences, we used the expression given in [17].
We assume that the sequence represented as {xi1…xid }will be transmitted at time kt as

xi(kt) = EQ \i\su(n=0, \s\do15(d) , xine j2pnf\s\do2(0)k t)  
where f0 is the sub-carrier spacing, kt  ranges over the duration of a long block, and where d is the sequence length.  By optimizing PAPR over the sequence xi(kt) we can ensure that the CM is minimized as well.  Fortunately this minimization does not have to be done under the identical waveform as would be actually transmitted; we have found that using t ( 1.8/(df0) is sufficient to minimize CM (which of course is computed with a highly oversampled version of xi(kt)).  

4.2. Generation and Storage of OZCL Sequences

Previously we have mentioned that OZCL sequences are cyclic shift subsets, and can be made orthogonal, just like “real” ZC sequences, but with better cross-correlation properties when the sequence length is not a prime number.  For length 12 sequences, the results presented herein assume that 144 sequences are generated. With that assumption, the storage required for the sequences would be:

144 sequences / 12 Cyclic Shifts X 8 bytes per sequence element X 12 sequence elements/sequence 
 = 1152 bytes.

Note also that for the sequences we have reported here, we have both cyclic shift orthogonality and PAPR optimization. 
An example of one possible method of storage/generation of sequences would be as in Table 7.
Table 7  Possible Storage Required for OZCL Sequences
	Number of Sequences
	Length
	Storage , Bytes

	144
	12
	1152

	144
	24
	2304

	144
	36
	3456

	Total Storage
	
	6912


If one assumed that OZCL sequences >36 were never used, then the maximum storage could be bounded to approximately 7Kb if computation were at a premium.  Note that this would be storage, and would not in itself consume a great deal of power.  For very long sequence assignments, the cross-correlation and PAPR optimization properties of TZC and EZC sequences is not problematic, and so likely the best tradeoff would be:

· Use OZCL sequences for short RB allocations (12-36 sub-carriers).

· For > 36 sub-carriers, use TZC/EZC sequences provided cross-correlation and CM are low enough.

Finally, note that for these sequence lengths, if stored this way, do not require the circular buffer manipulation, additional phase shifts embedded into the IFFT   or other cyclic shift generation methods used for TZC or EZC sequences to generate time domain shifts; thus, in that aspect, computation is actually less for OZCL sequences.
5. Conclusions

OZCL sequences offer significant performance advantages over TZC and EZC sequences: lower sequence cross correlation, and a single set of sequences all of which meet the CM requirements for 3GPP LTE..  Sharp recommends their adoption for E-UTRA, , as they provide the most robust performance relative to the alternatives.
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Annex A: Optimized UL RS Design Algorithm 

In [1] and [18] we proposed a set of OZCL sequences that are identical to Zadoff-Chu sequences when the number of the sequence length is chosen to be a prime number.  

However, when the Zadoff-Chu sequence length is not a prime number, the OZCL sequences derived from application of the proposed design algorithm will be optimized and have significantly improved mean correlation between any two pairs of sequences compared to extended or truncated Zadoff-Chu sequences.  The resulting sequences have the following properties:

Property 1: They are minimally correlated.
Property 2: They have constant modulus.
Property 3: Their subsets are orthogonal or nearly orthogonal, 
Property 4: Their subsets are cyclic shifts of each other.
Thus the set of OZCL sequences is “based on” GCL/CAZAC sequences, but with the proviso that the sequences are optimized for the LTE numerology and thus offer a significant performance advantage compared to TZC/EZC sequences.  In [2] it is shown that if a Welch Bound Equality set of sequences exist, then the frame, or matrix of sequences, must be a unit norm tight frame.  As such we restrict ourselves to sequences that are based on a projection to the nearest tight frame, which turns out to be the unitary part of a polar decomposition of the frame. Note that TZC or EZC sequences, especially for length 12, do not possess a key property that a tight frame implies, namely, that all eigenvalues of its singular value decomposition are not the same.  This is likely one reason that cross-correlation properties of TZC/EZC sequences are widely varying.

In the next section we demonstrate that the proposed OZCL sequences have significant enough performance gains to justify their use as UL RS.

In Annex B we describe the algorithm used to create such sequences in detail, based on alternating projections onto convex sets and orthogonal manifolds. 

Annex A.1: OZCL Sequence Properties

The algorithm of Annex A was run on Truncated Zadoff Chu sequences (i.e., the DFT of the sequence was truncated, and the inverse DFT was used as the starting sequence). 

The number of iterations was 201, with a PAPR optimization in time on the 200th iteration, and frequency and magnitude optimizations taking place at each iteration.  For the frequency optimization, a parameter  = 4.X10-7 was used (corresponding to 1- in the terminology of [7]).  For the time optimization, a factor of 3 oversampling of the time domain waveform was used and a parameter  = 4.5X10-6 was used. 

In this case, the frequency response, and CDF of the cross-correlations are summarized in Figure 5 and Figure 1 as well as Figure 2..  Note that all sequences intersect the ordinate axis above zero, indicating a subset of sequences that are orthogonal.  What is not shown (but can be easily verified) is that the OZCL sequences are effectively orthogonal cyclic shifts in the sequence space itself.  

Figure 5 can be used to provide a heuristic argument as to why OZCL sequences are simply better.  Looking at Figure 5 it is obvious that, from the p=0.0 ordinate to p=0.83 or so, that OZCL sequences provide smaller or equal to cross correlation; the range of ordinates where OZCL sequences have smaller cross correlation is about 50% of the total range. To put it another way, if 2 OZCL sequences are chosen at random, and 2 TZC sequences are also chosen at random, there will be a 50% probability that the OZCL sequences will be strictly less than the TZC sequences, and an 83% probability that the OZCL sequences will have cross-correlations less than or equal to that of TZC sequences.  Thus, there is only about a 17% chance that the TZC sequences would have cross correlations smaller than that of OZCL sequences.
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Figure 5  Frequency Response of Length 12 Sequences

Annex B: Details on Proposed OCZL RS Design Algorithm

B.1
Introduction

This document discusses the design of reference signals for MIMO (multiple input multiple output) systems in which reference signals are allocated amongst one or more mobile radios, for use in single user or multiple user MIMO.

The particular application at hand is the design of uplink reference signals in a cellular system, since this poses the most stringent requirements on time/frequency resources, especially for the immediate target application, which envisions a single or multiple carrier modulation with cyclic prefix, where there is synchronization between the transmission up multiple uplink signals and their respective base stations, and where sectorization amongst cells is employed to maximize capacity per cell.  In addition, the system so envisioned employs multiple bandwidth allocations simultaneously, where each bandwidth so allocated to a mobile terminal is an integer amount of some basic unit.

In such a situation, the following design criteria are to be considered:

1. The set of reference signals should be large enough to cover at least 3 sectors per cell, with at least 2 reference signals per sector (preferably 4).

2. The set of reference signals should be orthogonal in each sector of a given cell, and preferably in all sectors adjacent to a given sector.  If this is achieved, then it is possible, if reference signals are known to adjacent sectors, to design a best minimum mean square receiver ([4]).

3. For those reference signals not in adjacent sectors, or which are not orthogonal, they should be minimally correlated, with approximately the same correlation, and approach if not meet the Welch Bound ([5], [7]). 

4. The set of reference signals should have Peak to Average Power Ratio (PAPR) approaching if not equal to 1, where the PAPR is defined as for a sequence vector c as:

P =  EQ \f(||c||\s\do4(∞)\s\up5 (2), c\s\up5 (H) c) 
where  EQ ||c||\s\do4(∞)\s\up5 (2)  denotes the square maximum modulus component of c and where ( )H denotes conjugate transpose
.   Furthermore, the sequences should be flat in the frequency domains.
5. Because we are working under the assumption of a single or multiple carriers with a cyclic prefix, it is desirable that Discrete Fourier Transforms of sequences be easily computable.  Thus it is desirable that amongst subsets of sequences with orthogonal elements, that each element be a cyclic shift of another element.  This property is also useful to provide robust performance if a transmission system which transmits a cyclic prefix for multipath elimination encounters multipath components with delay spread greater than the cyclic prefix length, as in such cases cyclic shifts, if scaled large enough, can still be distinguishable. 

6.  In a system where multiple bandwidths are employed simultaneously, it is desirable that the set of sequences be able to be recursively generated from a base sequence.

If the amount of reference signal space (time and frequency resources) is exactly large enough, (i.e., the basic unit of bandwidth allocation allows for 19 or any prime number larger of reference symbols available for 2 reference signals per sector or 37 or any prime number larger reference signals for 4 reference signals per vector) then the solution to the above problem would be easily solved by taking Zadoff-Chu sequences as the reference sequences ([6]) as they meet conditions 1- 6 exactly when the sequence length is a prime at least as large as the aforementioned numbers.  However, in a world where we are not blessed with such resource availability or sequence numerology (for example suppose we are given a sequence length that is an even number) we have to work a bit harder.  We describe here an algorithm for designing such sequences based on an alternating projections method given in [7].  

We note that current proposed solutions (see, for example [11] and [12]) rely on either truncation or cyclic extension of a particular set of Zadoff-Chu sequences.  This results in a tedious integer programming problem for sequence assignment, and no guarantee of minimal correlation.

The next section we will give a rigorous definition of the above problem, and in the section following that we shall give the justification for the algorithm that finds the nearest circulant matrix to a given matrix. In the section after that we present the algorithm.  Note that at present it is not known if sequences meeting the Welch Bound exist for any desired sequence length (this is an unsolved problem); however, it is known, and follows from [7], as well as proofs of the extensions derived below that each step of the algorithm provides the closest matrix meeting given conditions above, and so if a fixed point exists (i.e.,  the algorithm produces the same matrix at each iteration), this algorithm should find it, provided a “good” starting point is chosen, as suggested in [7]. 

B.2
Finding Minimally Correlated Sets of Matrices with Minimum PAPR

Consider a sequence of N column vectors {xn} EQ \a(N, n=1) , xn ( C d, d ( N, which we assign as columns of a matrix X = [x1  x2  … xN]; we call such a matrix a frame.  A frame is a generalization of an orthogonal basis.  We assume in the following that each vector has unit length, without any loss in generality, for convenience
. We group blocks of K of these vectors into a set of matrices, {Xi} EQ \a(K, i=1) so that (with MK=N)  X  = [X1  X2  … XM].  We denote the correlation of between vectors as <xk, xn> as the standard inner product in complex Euclidean d-space ([7]).   

The Welch Bound is, for k ( n, 

max k ( n<xk, xn>

[image: image8.emf]
A frame that meets the Welch Bound with is called a tight frame.  This is precisely the kind of problem that is important for reference signal design; we wish to create a set of reference signals that is as close as possible to a tight frame.  But for MIMO applications we also would like to design subsets of vectors of the frame that are guaranteed to be orthogonal to each other.

Conditions 1 and 3 imply that for any <xk, xn> not in the same Xi, <xk, xn> ( , where  is a bound on the maximum correlation (for which the Welch bound may or may not exist).  Now if only conditions 1 and 3 were present, the method described in [7] section III, subsection F would be sufficient for finding X; however, because of additional structural constraints as described above, we need to do additional work.  However, we note that, as the [7] mentions, if we have any matrix Z ( C d X N, the matrix that comes closest in distance (as measured in element-wise or Frobenius norm [9]) is given by ZZ ThisThis condition also enforces an orthnormality condition between rows of X, if an optimal X exists. 

Condition 2 implies that Xi* Xi = IK; (obviously K ( d); that is each column in any Xi is orthogonal to any other column in Xi. To enforce this condition (which we require), we can repeat the above recipe for meeting conditions 1 and 3 with the role of X above now assumed by XiH.  In practice we have found that this projection increases the maximum correlation between sequences.  
Meeting Condition 4 can be met with the algorithm presented in [7], section VI, in both the time and frequency domains on each of the component vectors of any candidate matrix, which will not be repeated here, as it is rather lengthy and is not the main subject of this document.    Suffice it to say that the algorithm creates vectors of constant modulus that are closest in Euclidean norm to a set of input vectors. Moreover, when the set of vectors is constrained to be a circulant matrix (or for those sub-blocks of the set of vectors which are circulant), with eigenvalues which are identical, the PAPR algorithm, when operated in the frequency domain will enforce orthogonality between column vectors (i.e. sequences). This condition happens when the PAPR algorithm minimizes FX, where 

F  =  EQ \b\bc\[(\a \al \co4 \vs3 \hs3( 1,     1,     …,     1,  1,    e-j2p/N,     …,   e-j2p(N-1)/N, \a\al\co1(.,.,.),     \a\al\co1(.,.,.),    \a\al\co1(.,  .,     .),    \a\al\co1(.,.,.), 1, e-j2p(N-1)/N  ,    (,    e-j2p(N-1)(N-1)/N))  

However, this will not in general minimize the CM. To minimize the CM, we minimize the PAPR of:

xi(kt) = EQ \i\su(n=0, d, xine j2pnf\s\do2(0)k t)  where f0 is the sub-carrier spacing, and where the range of kt is over a Long Block. We have found that taking t to be 1/(1.8x66.67)s, .

To ensure flatness in the frequency domain we merely employ the algorithm from [7] on the sequence’s DFT., and do an inverse DFT to get back to the time domain.

B.3
Finding the Circulant Matrix Nearest to a Given Matrix

Suppose we have a matrix Z = [z1 … zN], where each zi  is a column vector ( C N.  We wish to find the circulant matrix C = [c0 … cN-1], that is closest in Frobenius (element-wise) norm to Z. 

Let F be given as the Discrete Fourier Transform (DFT) matrix [8]:

F  =  EQ \b\bc\[(\a \al \co4 \vs3 \hs3( 1,     1,     …,     1,  1,    e-j2p/N,     …,   e-j2p(N-1)/N, \a\al\co1(.,.,.),     \a\al\co1(.,.,.),    \a\al\co1(.,  .,     .),    \a\al\co1(.,.,.), 1, e-j2p(N-1)/N  ,    (,    e-j2p(N-1)(N-1)/N))  

We also define the diagonal “delay” matrix D as

D = diag(1  e-j2/N  e-j2/N  . . . e-j2/N  ).

Then ([7]) for any circulant matrix C, C= FHF, where  is the DFT of the sequence/vector c0.   It is straightforward to show:

ci+1 mod N = FHDF ci  = (FHDF)(i+1) mod N c0.
Then || Z - C||  EQ \a(2, F)  =   EQ \i\su(i=1, N, ||zi - ci-1||2) =  EQ \i\su(i=1, N, ||zi - (FHDF)(i-1) c0||2) 
Now with  EQ \b \bc\[ (\a\al\co1(z1, z2,.,.,., zN, )) , and B =  EQ \b \bc\[ (\a\al\co1(IN, FHDF,.,.,., (FHDF)N-1, ))  the minimizing c0, which uniquely determines C, is given by c0, =  B+  , where B+  is the Moore-Penrose pseudo-inverse of  B. That is, B+    = (BH  B)-1  BH  ([9]).

Note that if we are considering only matrices where cyclic shifts are greater than unity between vectors, or we are dealing with reduced rank matrices (Z has fewer than N columns),   we need only modify the recurrence relation ci+1 mod N = FHDF ci  and forming the appropriate matrix B.  

Thus if only 2 vectors were required that were cyclic shifted 3 elements apart, we would have  c1  = (FHDF)3 c0  and  B would only contain the matrix elements IN  and (FHDF)2.  

Note that although the space of circulant matrices is closed and convex, the space of orthogonal matrices is not convex, and a solution that produces the best set of orthogonal matrices {Xi} may not be close enough to produce a desired minimal correlation.  Furthermore, the algorithm will generally take thousands of iterations to converge, depending on which set of constraints is used.  However, when the PAPR optimization is done in the frequency domain, far fewer iterations are needed, because the “closest” matrices do not usually correspond to the same fixed point.  However by choosing the order of the iterations judiciously, one can create the “nearest” set of sequences with the desired properties.

B.4
Overall Description of the Algorithm

Using the results of the last two sections, we are now in a position to describe the algorithm.

Let T = the total number of iterations (a given input).

Starting with any matrix  Z0  ( C d X N,  (we will restrict ourselves to matrices with elements on the unit hypersphere).  In particular, using TZC sequences or EZC sequences are possible.

Z0 ( Z  (“(” denotes a variable/matrix assignment operation)

For t=1 to T:

1.  Compute ZZ Z( Y.  This results in the frame nearest to Z.  Next we impose the constraints.

2.  Break up/express Y = [Y1  Y 2 . . . Y M ]  


For m =1 to M

Compute (Y m Y m Y m  ( Vm
end

Assemble the matrix V = [V1  V2 . . . VM ].

3. Compute Q as nearest circulant matrix to V following the method on each “base block” outlined in section 8.3. 

4.  Find W closest matrix with minimum PAPR to Q as per [7], section VI (may not be done in both time and frequency domains at each iteration).

5.  Set W ( Z  

6. Update t + 1 ( t and continue.

7. Output Z when done.

Note that if we are optimizing in the frequency domain for PAPR, we compute DFTs of sequences prior to PAPR optimization, and then use an IDFT on the PAPR optimized sequence to do more iterations.

We note that [7] contains results on convergence (excluding the circulant matrix projection, although it is straightforward to demonstrate convergence for that algorithm); convergence may not yield a globally optimal solution, but should yield results that are improvements on initial conditions.  Typically, if we require strict orthogonality, and if the optimization of the PAPR is done only on the sequences themselves, not on their time domain representations, of the order of 500 iterations produces results near convergence (depending on the constraints used), but if we relax the orthogonality condition, converged results appear in as little as 10 iterations or so.  If however, we are optimizing the PAPR on the time-domain waveform, then in order to produce good results, it is useful to only perform the PAPR optimization every few hundred to one thousand iterations.  

For the sequences reported on in this contribution, 201 iterations were made on steps 1-6, with 10 alternating time domain waveform and sequence magnitude iterations being done on the 200th iteration.

Annex C: Simulation Conditions

Table B1 Simulation Parameters

	Parameter
	Assumption

	Multi-cell model
	19 cell sites, 3 cells (sectors)  per site

	Inter-site distance
	1732 m

	Carrier frequency
	2 GHz

	Sub-carrier spacing
	15 kHz

	CP
	As per 36.211 v1.2.0

	Channel models
	Typical Urban 6 rays (100km/h)

	UE  transmission power
	24 dBm

	Node-B antenna pattern and gain
	70-degree sectored beam, 14 dBi

	Distance dependent path loss
	128.1 + 37.6 log10(r)

	Shadowing correlation
	8 dB

	Shadowing correlation
	1.0

	Penetration loss
	0 dB

	Number of Tx / Rx antennas
	1 / 4

	UE antenna gain
	0 dBi

	UE position
	Uniformly distributed throughout cell

	RS structure
	Subframe Structure 1(WA)

	Modulation
	QPSK

	Interference Cancellation
	1 Stage Zero-forcing


Reference signal base sequences and sequence index were chosen at random, with different sequences in each slot, and shadowing, UE position, etc. were varied from sub-frame to subframe.

In contrast to TR 25.996, “Spatial channel model for “Multiple Input Multiple Output (MIMO) simulations,” ([23]) we modeled every intercell interferer as a QPSK signal to ascertain if adverse effects of cross-correlations could be observed.







































































































































































































































� Assuming each sequence is stored in single precision complex; this is likely a conservative estimate.


� Note that “sequence” and “vector” are often used interchangeably through this text. All sequences are vectors.


� When we describe the algorithm, we denote methods whereby this condition is enforced, in particular, when the PAPR is constrained as per the algorithm denoted in [6] section VI.
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