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1. Introduction
The study item [1] on 3D MIMO channel modeling has been approved at 3GPP RAN 58#, for the purpose of evaluating the performance of elevation beamforming and FD-MIMO. Since the GSCM model could provide high simulation accuracy, the new study item will take ITU-R channel model [2, 3
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 \* MERGEFORMAT ] as a starting point.

It has been agreed in [4] that the modeling of the 3D channel would reuse the ITU channel parameters generation procedures, which is shown as the following,
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It was also agreed that the ESA and ESD will be introduced in 3D channel modeling, and the impacts on the 4th Step, i.e. Generate correlated large scale parameters should be identified. In [5]  it has shown that the ESA and ESD obey the Laplace distribution and are cross correlated with the other five large scale parameters (LSP).

In this paper, we discuss the impact of the introduction of the ESA and ESD to the large scale parameters cross correlation matrix on the 4th step in the ITU channel parameters generation procedures. 
2. Positive-Definite of the Cross Correlation Matrix
Observation in LSP Generation

In the 2D ITU channel parameters generation procedures, the cross correlated large scale parameters, i.e., DS, ASD, ASA, SF, K, can be generated in the following manner:
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where X is generated as 
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  , where 
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 stands for the element-wise product, and Z, 
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 and 
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 satisfy:
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where Z is the vector of transformed-LSP(TLSP). R is the cross correlation matrix and 
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.  
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 , where 
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 is a RV obeying standard normal distribution.  
From the above we could observe that the elements of Z must obey the standard normal distribution. Otherwise, X will not satisfy the mean and variance constraint denoted by 
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 and 
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. 
It can be proved that the cross correlation matrix should be kept positive-definite so as the TLSP will obey the standard normal distribution.  The outline of the proof is in Annex 1.
In the 3D ITU channel parameters generation procedures, the same constraints as 2D should be remained, i.e.,
Observation 

1) The TLSP obeys the standard normal distribution in the 3D channel generation.

2) The LSP cross correlation matrix should be kept positive-definite in the 3D channel generation.
Comparison of Different Methods to Fix Non-Positive-Definite Cross Correlation Matrix

After the introduction of the ESA and ESD, the cross correlation of the two new parameters to the existed five 2D LSPs are measured, such as the results in [6]. With the dimension extended to 7-by-7, the cross correlation matrix is no longer positive-definite. 

Some companies have proposed methods to fix the non-positive-definite cross correlation matrix and the results varies [7] -[12] (The result see Annex 2). Without enough field test, it may be too early to make the judgment on which result is better. However, the comparison could bring some insights on finding the balance between the validity of the data value and obtaining the required property. 

Based on the constraints used, these results can be catalogued. And in order to have a simple measurement on how far the fixed matrix is away from the original non-positive-definite matrix, the difference between the matrixes is given in the form of Frobenius-Norm. The comparison is shown in the following table.
Table I. Fix Method Comparison
	Index
	Source
	Algorithm
	Maintain the 0 elements 
	Maintain elements of the original 5x5 matrix 
	Difference from the original non-positive-definite matrix (Frobenius-Norm)

	Option A
	Intel[7],  Orange[9]  

	Higham algorithm[14] 
	×
	×
	0.2723

	Option B
	Renesas[10]   
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	Increase diagonal elements
	√
	×
	0.4842

	Option C
	Qualcomm[12] 
	Simon [15] algorithm
	√
	×
	0.3454

	Option D
	Qualcomm[12] 
	Simon algorithm
	√
	√
	0.6707


Although different algorithms can be applied, it is obvious that less constraint will bring more degrees-of-freedom on optimizing the final output, and consequently less overall difference between the matrixes before-fix and after-fix. However, with more elements changed, more field tests are needed to support the validation of such modified results.
Discussion on the Constraints

The position of zero-valued element in the matrix stands for the non-correlation between LSPs. Theoretically, this constraint is meaningful for the research of the relationship between two random variables. However, when speaking of the physical parameters, especially after taking into account the error and the accuracy in the field test and the simulation environment, such constraint might be too tight.

The 5-by-5 cross correlation matrix used in the 2D channel parameter generation is time and test proofed. However, whether such cross correlation among DS, ASD, ASA, SF, K are the same in the 3D channel scenario, more field test data are needed. If assumption is made that we only consider the cross correlations between the elevation parameter and the existed 2D LSP, the fix on the non-positive-definite cross correlation matrix should keep the 5-by-5 matrix used in 2D channel generation.

Since more constraints will enlarge the difference between matrix-after-fix and the original one, it maybe not necessary to keep the zero-valued elements during the fix.
Proposals:
1) When fixing the non-positive-definite matrix, the constraint on the positions of zero-valued elements may be not necessary. 

2) Whether the 5-by-5 large scale channel parameters cross correlation matrix should be same as that in 2D channel generation is FFS.

3. Conclusion
In this proposal, the problem of fixing the non-positive-definite matrix is discussed. We observed that:

1) The TLSP obeys the standard normal distribution in the 3D channel generation.

2) The LSP cross correlation matrix should be kept positive-definite in the 3D channel generation.

On fixing the non-positive-definite cross correlation matrix of LSP, we proposed that:

1) When fixing the non-positive-definite matrix, the constraint on the positions of zero-valued elements may be not necessary. 

2) Whether the 5-by-5 large scale channel parameters cross correlation matrix should be same as that in 2D channel generation is FFS.
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5. Annex.1 Proof for Section 2

The proof of sufficiency is to prove that with a positive-definite cross correlation matrix, the TLSP obeys standard normal distribution:
The TLSP vector is  
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. It can be expressed as
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where 
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 is a 5-by-5 symmetric matrix and has 
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. 
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 is the positive-definite cross correlation matrix. 
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 , where 
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 is RV obeys standard normal distribution.

Therefore, 
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 must obey normal distribution. Moreover, the mean is 
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The variance 
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 as A is real symmetric matrix and 
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The proof of necessity is to prove with a TLSP obeys standard normal distribution, the cross correlation matrix is positive-definite:
The cross correlation matrix R is symmetric and can be expressed as 
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. 

Since 
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 obeys standard normal distribution and can be obtained by 
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, with 
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 is RV obeys standard normal distribution, there is
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 and A is real. 
Therefore R is positive definite.

6. Annex. 2 The modified correlation matrices in previous proposals
Table A-I Modified correlation matrices of Option A  
	　
	DS
	ASD
	ASA
	SF
	KF
	ESD
	ESA

	DS
	1.0000 
	0.4100 
	0.7480 
	-0.4316 
	-0.6400 
	-0.4099 
	0.0340 

	ASD
	0.4100 
	1.0000 
	0.4350 
	-0.4790 
	-0.2400 
	0.4410 
	0.4770 

	ASA
	0.7480 
	0.4350 
	1.0000 
	-0.3880 
	-0.3230 
	-0.0350 
	-0.0130 

	SF
	-0.4316 
	-0.4790 
	-0.3880 
	1.0000 
	0.4860 
	-0.0210 
	-0.0080 

	KF
	-0.6400 
	-0.2400 
	-0.3230 
	0.4860 
	1.0000 
	0.0400 
	0.0160 

	ESD
	-0.4990 
	0.4410 
	-0.0350 
	-0.0210 
	0.0400 
	1.0000 
	0.0230 

	ESA
	0.0340 
	0.4770 
	-0.0130 
	-0.0080 
	0.0160 
	0.0230 
	1.0000 


Table A-II Modified correlation matrices of Option B  
	　
	DS
	ASD
	ASA
	SF
	KF
	ESD
	ESA

	DS
	1.0000 
	0.4049 
	0.6478 
	-0.3239 
	-0.5668 
	-0.4049 
	0

	ASD
	0.4049 
	1.0000 
	0.3239 
	-0.4049 
	-0.1620 
	0.4049 
	0.4049 

	ASA
	0.6478 
	0.3239 
	1.0000 
	-0.3239 
	-0.2429 
	0
	0

	SF
	-0.3239 
	-0.4049 
	-0.3239 
	1.0000 
	0.4049 
	0
	0

	KF
	-0.5668 
	-0.1620 
	-0.2429 
	0.4049 
	1.0000 
	0
	0

	ESD
	-0.4049 
	0.4049 
	0 
	0
	0
	1.0000 
	0 

	ESA
	0 
	0.4049 
	0
	0
	0
	0
	1.0000 


Table A-III Modified correlation matrices of Option C  
	　
	DS
	ASD
	ASA
	SF
	KF
	ESD
	ESA

	DS
	1.000 
	0.404 
	0.749 
	-0.424 
	-0.644 
	-0.371 
	0 

	ASD
	0.404 
	1.000 
	0.412 
	-0.482 
	-0.222 
	0.410 
	0.368 

	ASA
	0.749 
	0.412 
	1.000 
	-0.391 
	-0.329 
	0
	0

	SF
	-0.424 
	-0.482 
	-0.391 
	1.000 
	0.487 
	0
	0

	KF
	-0.644 
	-0.222 
	-0.329 
	0.487 
	1.000 
	0 
	0

	ESD
	-0.371 
	0.410 
	0
	0
	0
	1.000 
	0

	ESA
	0 
	0.368 
	0
	0
	0
	0
	1.000 


	Table A-IV Modified correlation matrices of Option D  
　
	DS
	ASD
	ASA
	SF
	KF
	ESD
	ESA

	DS
	1.00 
	0.50 
	0.80 
	-0.40 
	-0.70 
	-0.08 
	0

	ASD
	0.50 
	1.00 
	0.40 
	-0.50 
	-0.20 
	0.33 
	0.36 

	ASA
	0.80 
	0.40 
	1.00 
	-0.40 
	-0.30 
	0 
	0

	SF
	-0.40 
	-0.50 
	-0.40 
	1.00 
	0.50 
	0
	0

	KF
	-0.70 
	-0.20 
	-0.30 
	0.50 
	1.00 
	0
	0

	ESD
	-0.08 
	0.33 
	0 
	0
	0
	1.00 
	0 

	ESA
	0 
	0.36 
	0
	0
	0
	0 
	1.00 
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