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1. Introduction
Currently, two types of 4-TX codebook design are considered for the E-UTRA: the Householder-based and the DFT-based designs. The performance comparison between the two codebook types has been done in the past meetings. In particular, a number of contributions have demonstrated the advantages of the Householder-based design (see, e.g. [1-5]) in either performance or complexity or both. A way forward was proposed in [6].  
In this document, we provide further link-level comparison between the two types of codebook design. System-level evaluation is given in the companion contribution [7]. In addition to the design in [6], we also evaluate 2 other candidates for the Householder-based design which still preserve the same structures. One of the candidates is given in the revised joint way forward document [8]. It is again demonstrated that the best of the Householder-based designs (given in [8]) is superior to the DFT-based design assuming the same amount of feedback overhead (4 bits). This better performance is achieved with lower computational complexity. Based on the link-level results given in this contribution, we propose that the 4-TX Householder-based codebook design given in the way forward document [8] be adopted as the 4-TX codebook for SU-MIMO.
2. Householder-based Codebook Design 
The details of the Householder-based design are given in the past contribution [1] and hence will not be discussed here. The features of the Householder-based design can be summarized as follows:
1. For a given rank, a pre-coder matrix V of size 4(R in the codebook is parameterized by a generating vector u and the column subset of the Householder matrix H(u) = (I − 2uuH/uHu). 
2. The elements of the each generating vector u is taken from a finite-alphabet constant modulus set such as QPSK {(1, (j} or 8PSK {(1, (j, ((1 (j)  ∕ √2 }. It can be shown that the resulting Householder matrix H(u) also retains the same alphabet set and hence the element-wise constant modulus property.
3. Nested property, which conforms with the working assumption [9]. 
4. All the features in points 1, 2, and 3 can be exploited to reduce the UE computational complexity. With the QPSK or 8PSK alphabet set, multiplications can be avoided when computing vector or matrix products. This results in a lower complexity compared to the DFT-based design of the same size. For example, the 4-DFT design is a 16-alphabet design which requires complex multiplication. This is elaborated further in Section 4.
5. For each rank, the maximum codebook size is 16 which amounts to a 4-bit pre-coding feedback.
In this contribution, we consider 2 other candidates for the Householder-based design. The designs are given in Appendix 1 and 2. Compared to the design in [6], the new candidates introduce 4 8PSK elements with 8 QPSK elements and 4 antenna selection (AS) elements. In addition, the new candidates strictly enforce the nested property across the ranks. That is, for each pre-coder matrix in a certain rank (2, 3, or 4), there exists at least one corresponding column subset in all the codebooks of the lower ranks. This is especially beneficial when rank override occurs. 
It is noted that the second design possesses a better minimum chordal distance property (0.707, 1.0, 0.757 for rank 1, 2, and 3, respectively) than the first candidate (0.612, 0.541, 0.521 for rank 1, 2, and 3, respectively). Higher chordal distance results in better performance for spatial channels with low correlation. To measure the performance for closely-spaced array, the array gain is also given in Appendix 4 where we show uniform gain across a wide range of direction of arrivals.
3. Simulation Results 
In this section, we present link-level simulation results comparing the proposed codebook to other codebook structures. We simulate the Householder-based codebooks and DFT-based codebook with diagonal uniform linear phase rotation. Lower rank codebooks, all of size 16 elements, are obtained by sub-matrix selection from the rank-4 codebook. Virtual antenna selection is used as a reference. The CM Householder design combined with antenna selection as proposed at the RAN1#48bis in Malta (labeled CMHH+AS Malta) and the two additional candidates in Appendix 1 and 2 (labeled CMHH+AS Update 1 and Update 2) are simulated. As agreed by different companies, we present simulation results with six channel scenarios:

1. Case 1A: SCME-D, Uniform Linear Array (ULA) with 4 separation antenna separation, Urban Micro
2. Case 1B: SCME-C, ULA with 10 separation, Urban Macro

3. Case 2: SCME-C, ULA pair with 10 between pairs and 0.5 separation within a pair
4. Case 3: SCME-B, Cross-polarized pair with 0.5 separation (only for 4x2)
5. Case 4A: SCME-D, Cross-polarized pair with 4 separation

6. Case 4B: SCME-C, Cross-polarized pair with 10 separation
Other simulation assumptions are presented in Appendix 3.

3.1. Four Node-B, Two UE Antennas
Figure 1 plots the percentage throughput gains versus geometry when compared to virtual antenna selection.  As seen from Figure 1, 
· In all scenarios, the best CMHH+AS candidate (Update 2) outperforms the 4-DFT design. The gain in lower geometry is up to 10%. In addition, “CMHH+AS Update 2” outperforms the other candidates and offers significant gain over “CMHH+AS Malta”. 
· Overall, the gain of the “CMHH+AS Update 2” design over the reference case (virtual antenna selection) is significant even at higher geometries. 
3.2. Four Node-B, Four UE Antennas
Figure 2 presents simulation results with the 4x4 setup. As seen from Figure 2: 
· The CMHH+AS codebooks consistently outperform the 4-DFT codebook. The highest gains are observed at lower geometries. Gains are obtained even at higher geometries, indicating the superiority of the proposed rank-2 and rank-3 codebooks over the corresponding 4-DFT codebooks.  Also, substantial improvement is observed with “CMHH+AS Update 2” over “CMHH+AS Malta”.
· Again, the gain of the “CMHH+AS Update 2” design over the reference case (virtual antenna selection) is significant even at higher geometries. 
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FIGURE 1. Throughput gain Compared to the reference case: 4x2
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FIGURE 2. Throughput gain Compared to the reference case: 4x4
4. Complexity 
Other than the finite alphabet property, the design proposed in [6] offers some additional complexity saving mainly due to the Householder structure. First, it can be observed that (column subset) vectors in the higher rank codebooks are included in the lower rank codebooks. This avoids the need for computing the additional inner product terms to generate the CQI for higher ranks. 
Moreover, when the additional inner product terms need to be computed, the constant modulus Householder structure can be exploited for further complexity reduction. Writing the 4x4 Householder matrix as 
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Here, D is a diagonal matrix composed of 1 and -1. Hence, the inner product between two different vectors is reduced to a norm operation. It is well-known that the norm operation incurs ~50% less computational complexity compared to the inner product between two distinct vectors. 
The above properties result in further complexity reduction on top of the saving due to the finite alphabet property. Hence, the design proposed in [6] incurs less computational complexity compared to the DFT-based counterpart.
5. Conclusions
This contribution is a follow up of the way forward in [6] as well as the previous comparison between the Householder-based and DFT-based 4-TX codebook designs. In addition to the design in [6], two other Householder-based candidates are evaluated. It was demonstrated that the second candidate from the revised way forward document [8] gives the best performance. This Householder-based codebook design substantially outperforms the 4-DFT codebook with lower computational complexity.
Based on the simulation results and other clear advantages, we recommend that the Householder-based codebook design based on the finite-alphabet set with antenna selection vectors given in [8] be adopted as the 4-antenna codebook for the SU-MIMO E-UTRA.
Appendix 1: CM HH + AS codebook candidate 1 
Tables A1-1 and A1-2 give the Householder generating vectors and the column subsets for codebook generation. 
Table A1-1: Generating vectors

	Vector Index
	First element
	Second element
	Third element
	Fourth Element
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Table A2-2: Codebook (un-normalized)
	Codebook index
	Rank 1
	Rank 2
	Rank 3
	Rank 4
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Appendix 2: CM HH + AS codebook candidate 2
Tables A2-1 and A2-2 give the Householder generating vectors and the column subsets for codebook generation. 
Table A2-1: Generating vectors
	Vector Index
	First element
	Second element
	Third element
	Fourth Element
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Table A2-2: Codebook (each matrix has unit Frobenius norm)
	Codebook index
	Rank 1
	Rank 2
	Rank 3
	Rank 4
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Appendix 3 : Simulation Assumptions

Table A3-1 gives the link level simulation assumptions.

TABLE A3-1: Link Level Simulation Assumptions
	PARAMETER
	VALUES

	UE Speed
	3 kmph

	Number of Node-B antennas
	4

	Number of UE antennas
	2 or 4

	System Bandwidth
	5 MHz

	Resource Block Bandwidth
	180 kHz 

	Modulation Schemes
	QPSK r = 1/5, 1/4, 1/3, 2/5, ½, 3/5, 2/3, ¾ 

16QAM r = 2/5, 9/20, ½, 11/20, 3/5, 2/3, ¾, 4/5, 5/6 

64QAM r = 3/5, 5/8, 2/3, 17/24, ¾, 4/5, 5/6   

	TTI duration
	1.0 ms (14 OFDM symbols)

	CQI feedback delay
	4 TTIs

	CQI Feedback Error
	Error-free CQI feedback assumed

	HARQ Feedback Delay
	8 TTIs. Error-free ACK/NACK assumed

	Max Number of HARQ Retransmissions
	3

	Precoding
	Precoder index fed back for each cluster of 5 RBs from a 4-bit codebook

	MIMO Decoder
	LMMSE 

	Scheduling Details
	MCS fixed across the transmission band. Similar results obtained when narrow-band scheduling was performed (independent MCS on each RB.)


Appendix 4: Array Gain
The (ULA) array gain is defined as:
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 is the ULA array response. As observed, the array gain for the 4-Tx design in [6] exhibits a “uniform” gain across the AoD and is not designed to point to certain AoD (orientation).
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FIGURE 3. Array gain for the design in [6] 
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