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1. Introduction
A major constraint in the current E-UTRA design is the number of CAZAC sequences for small RB allocations. Particularly for the case of 1 RB, the structure of the UL RS was changed from 2 SBs to 1 LB per slot in order to accommodate a maximum of 12 instead of 6 CAZAC sequences. However, critical issues remain:

a) Truncating a length 13 Zadoff-Chu (ZC) sequence can result to 12 CAZAC sequences but 6 of them have CM substantially larger than QPSK (by as much as 1.15 dB). This is a serious problem particularly for the ACK/NAK and possibly CQI transmission that rely entirely on the transmission of CAZAC sequences.

b) Cyclic extension of a length 11 ZC sequence has better CM properties than truncation (although 4 of the 10 resulting sequences still have CM up to 0.3 dB larger than QPSK) but cell planning or possible sequence hopping are further inhibited by the smaller number (10) of total sequences.

c) Cell (Node B) planning in E-UTRA for the allocation of 10 or 12 CAZAC sequences seems necessary as sequence hopping results to a relatively large collision probability due to the small number of total sequences with either cyclic extension or truncation. The small number of sequences imposes the need for tight planning.
d) The above issues become even more serious in the case of ACK/NAK, and possibly CQI, signaling due to the low BER requirements (especially for the NAK) and the use of all cyclic shifts within the same cell. Then, in order to distinguish ACK/NAK transmission from UEs near the border of two cells of the same Node B, different CAZAC sequences are likely required [1]. Considering that only 10 or 12 such sequences are available (with only 6 having CM less than QPSK) and that planning is already challenging even with Node B specific sequences, it becomes apparent that having cell specific sequences becomes an extremely difficult challenge particularly if Node Bs have variable number and not perfectly shaped cells. Moreover, as the CM for some of these sequences is larger than QPSK, coverage is limited by the ACK/NAK and not by the data transmission in 1 RB which has a much larger target BER due to the potential of very low coding rate (e.g. for 10% BLER) and HARQ. 
To address the above issues, it is necessary to relax the current working assumption that the CAZAC sequences for 1 RB allocations are generated from truncation or cyclic extension of ZC sequences. In terms of E-UTRA performance, the CAZAC property is the main attribute that the sequences should have and this property is maintained. Additional properties are low CM (preferably lower than QPSK) and low cross-correlations and these properties are also maintained or further improved. Nevertheless, for large RB allocations where many ZC-generated sequences exist satisfying the above properties, ZC extension or truncation can still be used as a specific formula exists for generating ZC sequences for any prime length and a simple/single circuitry can be used for all RB allocations.  
The proposed CAZAC sequences for 1 RB (and possibly 2 RBs) allocations are generated based on a computer search method that is subsequently described. More than 30 such sequences can be obtained for 1 RB allocations with all having CM lower than QPSK and mean cross-correlation similar to the one achieved with just 10 or 12 sequences resulting from ZC extension or truncation, respectively. 
It should also be noted that although such sequences are explicitly provided, as this is naturally needed, different sequences may be obtained for different design criteria (number of sequences, maximum CM, maximum cross-correlations, etc.). Once RAN1 agrees on the exact criteria, the corresponding sequences can be generated.
2. Randomly generated CAZAC sequences (Random-CAZAC)
The method for generating CAZAC sequences by computer search using random initialization is now described. Because a random procedure is used to search these CAZAC sequences, they are referred to as Random-CAZAC. The procedure for generating the CAZAC sequence of length N is as follows:
(1) Let i= 1, in the first step generate N QPSK random complex numbers 
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(2) Next, define the sequence
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(3) Let sequence
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 be the IFFT of sequence 
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(4) Let the FFT of the sequence 
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be now denoted by 
[image: image7.wmf]f

i

X

~

; set i = i+1 and go back to step (2). Repeat the above steps (2), (3) and (4) for say M = 1000 or more. 
For large number of iterations, it is found that the resulting sequence 
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is a CAZAC sequence. Further, several such CAZAC sequences can be generated by starting with a different random sequence in step (1) above. 

Several thousand Random-CAZAC codes can be found by starting from random initialization in step (1). We generated ~30,000 CAZAC sequences and then sorted them according to cubic metric (CM), computed as in [1] using a CM slope of 1.56, and also the cross-correlation accounting for different cyclic shifts of all the resulting sequences. There are a total of 33 sequences which were identified to have CM lower than QPSK and good cross-correlation properties. The CMs of these sequences are notably better than the ones generated by either ZC truncation or cyclic extension, while the number of sequence is obviously nearly 3 times larger. The sequences are given in the attached Excel spreadsheet.

The periodic auto-correlation of all the 33 respective sequences is shown in Figure 1. As expected, since the sequences are CAZAC, they have zero auto-correlation (note that the constant amplitude is ensured by the way these sequences are generated in steps (2) and (3)).
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Figure 1: Cyclic auto-correlations of 32 length-12 Random-CAZAC sequences. The auto-correlation of all sequences is the delta function.
3. Comparison of Random-CAZAC and Zadoff-Chu Sequences
Table 1 summarizes the different statistical properties for the Random-CAZAC sequences and the Zadoff-Chu sequences with either truncation or cyclic extension.

Table 1: Statistics of ZC extension/truncation and Random-CAZAC Sequences. 
	
	Total number of sequences
	Mean cross-correlation
	Square root mean square cross correlation
	Mean CM
	Min CM
	Max CM
	#sequences with CM <= QPSK (1.22)

	ZC Cyclic Extension
	10
	0.28
	0.29
	0.85
	0.17
	1.50
	6

	ZC Truncation
	12
	0.27
	0.29
	1.37
	0.46
	2.36
	6

	Random-CAZAC Sequences 1-10 
	10
	0.26
	0.29
	0.46
	0.14
	0.61
	10

	Random-CAZAC Sequences 1-16 
	16
	0.26
	0.29
	0.56
	0.14
	0.77
	16

	Random-CAZAC Sequence 1-24 
	24
	0.26
	0.29
	0.67
	0.14
	0.95
	24

	Random-CAZAC Sequences 1-33
	33
	0.26
	0.29
	0.78
	0.14
	1.21
	33


As can be seen from Table 1, Random-CAZAC sequences have similar (or slightly smaller) mean cross correlation and mean square cross correlation as the ZC sequences with cyclic extension or truncation. Hence, the BLER performance using Random-CAZAC sequences is expected to be similar as the one using cyclic extension or truncation extended ZC sequences in presence of inter-Node B (or inter-cell) UE interference, particularly with sequence and/or cyclic shift hopping. However, Random-CAZAC sequences have the advantage of a much larger number of sequences while simultaneously having substantially lower CM. 
The CDF of cross-correlations is shown in Figure 2. BER results for ACK/NAK transmission with sequence hopping between 2 slots and flat fading (for maximum impact) are shown in Figure 3. For the worst case of a single dominant interferer, the performance loss from Random-CAZAC (due to the higher peak cross-correlation) is only 0.35 dB at 0.01% BER. With 2 equal-power interferers, the loss at 0.01% BER reduces to 0.2 dB. In both cases, the loss is negligible at higher BERs. The trend in the performance loss reduction from adding interferers is confirmed in Figure 4 which considers AWGN interference. No performance difference is observed between Random-CAZAC and ZC extension.
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Figure 2: CDF of cross-correlations for Random-CAZAC and ZC with extension/truncation.
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Figure 3: BER with Random-CAZAC and ZC cyclic extension. 1 and 2 interferers explicitly modeled.
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Figure 4: BER with Random-CAZAC and ZC cyclic extension in AWGN interference.

The advantages of Random-CAZAC over ZC-based sequences can be summarized as follows:
(1) If only 10 or 12 sequences are needed (as for ZC sequences with cyclic extension or truncation), the largest CM of Random-CAZAC is 0.61 dB which is substantially lower than the largest CM with cyclic extension and truncation by 0.89 dB and 1.75 dB, respectively. Further, the largest CM of the 33 Random-CAZAC sequences is equal to the CM of QPSK (1.22 dB).  
(2) If the worst case CM of the Random-CAZAC is set to be equal to that of QPSK, 33 such sequences can be obtained. This compares with only 10 sequences using ZC extension and 12 using ZC truncation. Note that even amongst these 10 or 12 sequences, 4 or 6 sequences, respectively, have CM larger than that of QPSK. 
(3) Because 33 Random-CAZAC sequences exist for 1 RB allocations, random sequence hopping can be done with much smaller probability of collisions. For the case of DM RS, since there are 2 UL RS per sub-frame, the probability of a collision is only (1/33 x 1/33) 0.09%. This compares with probability of collisions of (1/12 x 1/12) 0.695% for ZC truncated sequences or (1/10 x 1/10) 1% for ZC cyclically extended sequences. Therefore, Node B (or cell) planning may be avoided or substantially eased with Random-CAZAC sequences. 

(4) Random-CAZAC sequence generation provides full flexibility in trading off the number of generated sequence with the largest CM. For example, a number of Random-CAZAC sequences larger than 33 could be obtained by allowing for somewhat larger CM and cross-correlations, or a lower CM and cross-correlations could be obtained by decreasing the number of Random-CAZAC sequences below 33.

(5) The previous advantages of the 33 Random-CAZAC sequences extend particularly to ACK/NAK signaling as it also occurs within 1 RB, especially since low CM and a large number of sequences may be essential for ACK/NAK transmissions. Even without accounting for the lower maximum CM, the performance difference relative to ZC with cyclic extension for ACK/NAK transmission is minimal.
Table 2 summarizes the properties of Random-CAZAC and ZC-based length-12 sequences.
Table 2: Comparison of length-12 Sequences: Random-CAZAC vs ZC Extension/Truncation.
	
	Random-CAZAC
	ZC Extension or Truncation

	Number of Sequences
	33
	10 or 12

	Worst case CM
	1.21 dB < QPSK (1.22 dB)
	1.50 dB > QPSK(1.22 dB)
or

2.36 dB > QPSK(1.22 dB)

	Sequence planning
	Easier (or avoided)
	Harder

	Mean and mean-square cross-correlation
	Similar
	Similar

	Sequence hopping for 1 RB (UL RS, ACK/NACK)
	Better
	Worse


Although the previous analysis focused on 1 RB allocations, it can be extended in the same manner to larger RB allocations. As the small RB allocations place the limit on the number of available sequences with good CM and cross-correlations and on the associated cell planning or the effectiveness of sequence hopping, the Random-CAZAC generation can apply to allocations of 1 RB, and possibly 2 RBs, while the usual ZC sequences can be used for larger RB allocations. Since for allocations of 3 RBs, 30 sequences with good CM properties can be generated with ZC extension, 30 Random-CAZAC sequences need to be used for 1 RB and 2 RB allocations. This implies that 30 sequences of length 12 and 30 sequences of length 24 need to be stored at the UE for use with 1 RB and 2 RB allocations while the sequence generation for larger RB allocations can be with the usual circuitry used for ZC sequences. Alternatively, using Random-CAZAC only for 1 RB allocations, 22 sequences out of the available 33 can be selected (for lowest CM or cross-correlations) which is the same with the 22 sequences available for 2 RB allocations with cyclic extension. Then, only 22 sequences of length 12 need to be stored. 
4. Conclusions
This contribution presented a method for randomly generating CAZAC sequences (Random-CAZAC) through a simple computer search. Considerable flexibility exists for the selection criteria of the resulting sequences and 33 such sequences with CM lower than QPSK and mean cross-correlations smaller than or equal to the ZC sequences with extension/truncation were presented for 1 RB allocations. 
Random-CAZAC sequences substantially alleviate cell planning constraints, substantially improve the effectiveness of sequence hopping, and provide critical benefits for the ACK/NAK transmission by increasing coverage (due to the low CM) and allowing the use of different CAZAC sequences in different cells of a Node B. 

Using 30 such sequences for 1 RB and 2 RB allocations and ZC sequence cyclic extension for the larger RB allocations allows the cell planning and sequence hopping to exploit 30 sequences with the CM, for the critical 1 RB allocation, always being smaller than the QPSK one. Alternatively, using 20 of the Random-CAZAC sequences over 1 RB (selected for the lowest CM or cross-correlations), and using ZC sequence cyclic extension for 2 or more RB allocations, can still provide substantial planning, hopping, and CM benefits for the available sequences. 
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Leng 12 Random Cazac Sequences

		Random-Cazac		Real value of sequence																										Cubic metric of sequence

		Sequence number		Sample number		1		2		3		4		5		6		7		8		9		10		11		12

		1				1.000		0.747		0.953		0.906		-0.387		-0.938		1.000		0.938		-0.387		-0.906		0.953		-0.747		0.14

		2				1.000		-0.966		0.683		-0.928		-0.669		0.792		-0.008		-0.267		0.128		-0.891		-0.119		0.033		0.35

		3				1.000		-0.987		0.260		-0.122		0.446		0.376		0.589		0.614		-0.998		-0.122		0.707		0.635		0.38

		4				1.000		0.959		0.499		-0.282		-0.500		-0.275		-1.000		0.972		-0.499		-0.234		0.500		-0.241		0.50

		5				1.000		0.972		0.494		0.972		1.000		-0.285		-0.999		0.972		-0.463		0.972		-0.999		-0.285		0.50

		6				1.000		0.966		-0.699		-0.895		-0.101		-1.000		0.253		0.006		0.689		-0.935		0.198		0.011		0.50

		7				1.000		0.250		0.800		0.380		0.341		0.898		0.658		-0.906		0.606		-0.928		-0.508		-0.259		0.52

		8				1.000		-0.535		-0.949		-0.447		-0.219		-0.707		-0.008		-0.992		0.386		0.380		-0.613		-0.713		0.52

		9				1.000		-0.101		-0.955		0.923		-0.558		0.657		-0.925		-0.999		-0.160		0.707		-0.332		-0.825		0.58

		10				1.000		-0.615		0.243		-0.486		-0.966		0.920		-0.444		-0.615		0.761		-0.603		-0.485		-0.729		0.61

		11				1.000		0.693		0.483		0.707		0.954		-0.999		-0.637		-0.086		0.341		-0.095		0.290		-0.041		0.63

		12				1.000		0.987		-0.912		-0.707		-0.806		0.924		-1.000		-0.796		-0.926		-0.717		-0.129		-0.363		0.72

		13				1.000		0.934		0.504		0.704		0.913		-0.966		0.690		0.936		-0.278		-1.000		-0.911		0.480		0.72

		14				1.000		0.598		-0.909		0.167		-0.990		0.966		-0.684		-0.999		0.977		-0.458		-0.684		0.850		0.74

		15				1.000		-0.992		-0.100		0.699		-0.108		0.779		1.000		-0.774		0.790		-0.707		0.794		0.991		0.74

		16				1.000		0.170		0.472		1.000		-0.789		-0.516		0.693		0.123		0.965		-0.684		0.817		-0.259		0.77

		17				1.000		-0.707		0.784		0.704		-0.693		-0.124		-0.689		-1.000		0.790		1.000		1.000		0.116		0.81

		18				1.000		-0.966		-0.301		-0.885		-0.575		0.900		-0.756		-0.561		0.329		-0.939		-0.221		-0.461		0.82

		19				1.000		-0.968		1.000		0.000		0.250		0.866		-0.500		-0.968		-0.500		-0.866		0.250		0.000		0.86

		20				1.000		-0.802		0.909		0.986		-0.990		0.259		0.684		0.033		0.977		-0.889		0.684		0.527		0.90

		21				1.000		-0.792		-0.119		0.928		0.128		0.966		-0.008		-0.033		-0.669		0.891		0.683		0.267		0.92

		22				1.000		-0.585		-0.735		0.385		0.998		-0.192		0.925		0.885		-0.775		-0.707		-0.983		-0.432		0.93

		23				1.000		-0.101		0.645		-0.905		-0.775		-0.966		0.141		-0.285		-0.816		-0.769		-0.476		0.392		0.93

		24				1.000		-0.657		-0.332		-0.923		-0.160		0.101		-0.925		0.825		-0.558		-0.707		-0.955		0.999		0.95

		25				1.000		0.660		0.065		0.707		0.168		0.687		-0.925		-0.450		0.313		0.385		-1.000		0.816		0.97

		26				1.000		0.006		-1.000		-0.132		-0.960		-0.266		0.965		0.968		0.723		-0.132		0.517		-0.869		0.98

		27				1.000		-0.869		0.517		-0.132		0.723		0.968		0.965		-0.266		-0.960		-0.132		-1.000		0.006		1.01

		28				1.000		-0.505		-1.000		-0.513		-0.614		-0.958		0.246		0.713		-0.246		-0.958		0.614		-0.513		1.01

		29				1.000		0.363		0.737		0.958		0.237		-0.958		0.737		-0.363		1.000		0.513		-0.482		-0.513		1.01

		30				1.000		0.500		0.661		-0.553		-0.966		0.966		0.729		0.102		1.000		-0.246		0.776		-0.882		1.14

		31				1.000		0.992		0.988		0.107		-0.791		0.966		0.995		-0.090		-0.101		-0.935		0.640		-0.936		1.17

		32				1.000		0.313		-0.314		0.971		0.903		0.987		-0.997		0.960		-0.992		-0.987		0.866		0.568		1.20

		33				1.000		-0.695		1.000		0.727		-0.500		-0.275		1.000		0.713		1.000		-0.680		-0.500		0.251		1.21

		Random-Cazac		Imaginary value of sequence

		Sequence number		Sample number

		1				0.000		0.665		0.303		0.422		0.922		-0.347		0.000		-0.347		-0.922		0.422		-0.303		0.665

		2				0.000		0.259		0.730		-0.372		-0.743		-0.611		-1.000		-0.964		-0.992		0.454		0.993		-0.999

		3				0.000		-0.164		0.966		-0.992		0.895		0.926		-0.808		-0.789		-0.061		-0.992		-0.708		-0.772

		4				0.000		-0.283		0.866		0.960		-0.866		0.961		0.000		-0.236		-0.866		0.972		0.866		0.971

		5				0.000		-0.234		0.869		-0.234		0.000		0.959		-0.048		-0.234		-0.886		-0.234		-0.048		0.959

		6				0.000		-0.259		-0.715		-0.445		0.995		0.025		-0.967		1.000		-0.724		-0.355		-0.980		-1.000

		7				0.000		0.968		-0.600		0.925		0.940		0.440		-0.753		-0.423		0.795		0.372		0.862		-0.966

		8				0.000		0.845		-0.316		-0.895		-0.976		-0.707		1.000		0.125		0.923		-0.925		0.790		0.701

		9				0.000		-0.995		-0.297		0.385		0.830		0.754		0.380		-0.040		0.987		0.707		0.943		-0.565

		10				0.000		0.788		0.970		0.874		-0.258		0.392		0.896		0.788		-0.648		-0.797		-0.875		0.684

		11				0.000		-0.720		-0.875		-0.707		0.298		-0.033		0.771		-0.996		0.940		-0.995		-0.957		0.999

		12				0.000		-0.160		0.410		0.707		-0.592		-0.381		-0.013		-0.605		-0.378		0.698		-0.992		0.932

		13				0.000		0.358		-0.864		0.710		-0.407		0.259		-0.723		0.352		-0.960		0.020		0.413		-0.877

		14				0.000		0.802		0.416		0.986		-0.144		-0.259		-0.729		0.033		0.213		0.889		0.730		0.527

		15				0.000		-0.125		0.995		0.715		0.994		-0.627		0.012		0.633		-0.613		-0.707		-0.609		0.131

		16				0.000		-0.985		-0.882		-0.004		0.615		0.856		0.721		-0.992		-0.262		0.729		-0.576		-0.966

		17				0.000		-0.707		0.620		0.710		0.720		-0.992		0.724		0.025		0.614		-0.019		0.004		0.993

		18				0.000		0.259		-0.954		-0.466		-0.818		-0.435		0.654		0.828		-0.944		0.343		0.975		0.887

		19				0.000		0.250		0.000		1.000		0.968		-0.500		0.866		0.250		-0.866		-0.500		0.968		1.000

		20				0.000		-0.598		0.416		0.167		0.144		-0.966		-0.729		-0.999		-0.213		0.458		0.730		0.850

		21				0.000		0.611		0.993		0.372		-0.992		-0.259		-1.000		0.999		-0.743		-0.454		0.730		0.964

		22				0.000		-0.811		0.678		-0.923		0.069		-0.981		-0.380		-0.465		-0.632		0.707		0.184		-0.902

		23				0.000		0.995		-0.764		-0.426		0.632		-0.259		-0.990		-0.958		0.578		-0.639		0.879		-0.920

		24				0.000		-0.754		0.943		-0.385		0.987		0.995		0.380		0.565		0.830		-0.707		-0.297		0.040

		25				0.000		-0.751		0.998		0.707		-0.986		0.726		-0.380		0.893		0.950		0.923		-0.027		-0.579

		26				0.000		1.000		0.020		0.991		-0.281		0.964		0.261		-0.251		-0.691		0.991		0.856		-0.495

		27				0.000		-0.495		0.856		0.991		-0.691		-0.251		0.261		0.964		-0.281		0.991		0.020		1.000

		28				0.000		-0.863		0.000		0.859		-0.789		0.286		-0.969		0.702		0.969		0.286		0.789		0.859

		29				0.000		-0.932		0.676		-0.286		-0.972		0.286		0.676		0.932		-0.000		0.859		0.876		-0.859

		30				0.000		-0.866		0.750		0.833		0.259		0.259		-0.684		-0.995		0.013		-0.969		-0.631		0.472

		31				0.000		0.126		-0.154		-0.994		0.612		-0.259		-0.098		0.996		0.995		-0.355		0.768		0.352

		32				0.000		-0.950		-0.949		0.239		-0.429		0.159		-0.079		0.281		0.124		0.162		-0.500		0.823

		33				0.000		0.719		-0.000		-0.686		-0.866		-0.962		-0.000		-0.701		-0.000		0.733		-0.866		0.968
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