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1 Introduction

In [1] it has been proposed to radically change the definition of Zadoff-Chu (ZC) sequences in order to allow the efficient implementation of the pair of correlators matched to the complementary root Zadoff-Chu sequences defined by root indexes u and N-u, which are proposed (but still not agreed) to be always pair-wise allocated for the generation of random access (RA) preambles.

According to [1], the new proposal for the definition of ZC sequences interprets the elements of ZC sequences as being the Discrete Fourier Transform (DFT) coefficients of transmitted time domain sequence. Such ZC sequence can be used directly in the frequency domain implementation of the corresponding matched filter to multiply element-by-element the DFT coefficients of the received signal samples. As the ZC sequence with the root index N-u is the complex conjugated version of the ZC sequence with the root index u, the two corresponding matched filters can be implemented with the multiplication complexity of just one filter.

In this case, however, the cyclic shifting of a single root ZC sequence, needed for the generation of a set of RA preambles with zero correlation zone, has to be done after the interpolation of the sequence elements. Due to the larger number of samples obtained after interpolation, the cyclic shifting in case of frequency domain definition of ZC sequences becomes more complex than if it would be performed directly on the time domain ZC sequence. 
In this paper we show that exactly the same efficient frequency-domain implementation of the matched filters for the ZC sequences with roots u and N-u where N is possible without any need to change the definition of ZC sequences.
2 DFT of ZC sequences with complementary root indexes
According to TS 36.211, the set of random access preambles xu,v(k) with zero correlation zone are defined from the u-th root ZC sequence xu(k) of length N by cyclic shifts of multiples of NCS according to 

xu,v(k) = xu((k+ vNCS) mod N),
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where xu(k) is defined by
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The DFT coefficients Xu(n) of sequence xu(k) are defined as 
Xu(n)= 
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In the Appendix it is shown that
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Then from (3) and (4) it follows

Xu(n) = 
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From (7) it follows that the DFT of the ZC with root index N-u=-u mod N, is given by
XN-u(n) = 
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where “*” denotes complex conjugation.
From the shift theorem for DFT we have
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Further on, we have 
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Then from (7) and (8) it follows
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3 Paired matched filters
Frequency domain matched filtering consists of finding DFT of input signal sequence of samples, multiplication with matched filter frequency response, and inverse DFT. Assume that the frequency response of the received signal is R(n) where n is sub-carrier index, and frequency response of the ZC sequence xu(k), with root index u, is Xu(n). To efficiently implement the pair of filters matched to the sequences xu(k) and xN-u(k), we shall can use the complex conjugate and central symmetry of the DFTs of the sequences xu(k) and xN-u(k) defined by (2).
3.1 Using complex conjugate symmetry
The frequency domain representation of the correlator output for the u-th ZC sequence xu(k) is given by 

 




 
Zu(n) = R(n) Xu*(n) .
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After the N-point IDFT of Zu(n) we obtain

zu(p)= 
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(11)
The N-point IDFT zu(p) represents N correlation values of the input signal sequence of N samples and all the cyclic versions of the sequence xu(k). Zero-delay correlation with the sequence xu(k) is given by zu(0).
For the frequency domain implementation of the correlator output for the (N-u)-th ZC sequence xN-u(k) we use the following equation 

   
  





ZN-u(n) = R(n)Xu(n) ,









(12)
in order to reuse the partial products obtained in the correlator for the u-th ZC sequence.
After the N-point IDFT of ZN-u(n) we obtain

zN-u(n)= 
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(13)
where we used equation (9). From (11) it is obvious that the zero-delay correlation with the sequence xN-u(k) is given by zN-u(N-1). 

3.2 Using central symmetry
We can reduce the number the number of multiplications needed to implement IDFT in (11) and (13) by using the central symmetry of (5),  given by
 





Xu(-n-u) =
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Then we can re-write (11) as 
                              zu(n) =   
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where
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4 Conclusion
We have shown that exactly the same efficient frequency-domain implementation of the matched filters as in [1], for the ZC sequences with roots u and N-u, is possible without any need to change the definition of ZC sequences.
Appendix: Proof of (4)
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