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Introduction
The SNR of a phased-array receiver is a key figure-of-merit of the receiver. In this paper, we show that, if the beam-forming is performed accurately by the array, the SNR of a phased-array increases approximately linearly with number of antennas,
We also show that the performance decreases in the absence of coherent beamforming – in the case of random phase-shifting, the performance of the entire array is equivalent to that of a single RF chain. 
Discussion
Consider a typical RF front-end as shown in Fig. 1. Let NFi denote the noise-figure of the i-th block in the chain, expressed in dB, or as Fi in linear terms. For simplicity, let us assume that the stages are impedance matched. The Friis equation can be used to compute the noise figure of an RF chain as follows:
 ,
where F1, A1 refers to the noise-figure and power gains of stage 1, F2, A2 refer to the parameters for stage 2, and so on. Notice that for a passive block that is inherently lossy – e.g., interconnects, feeds, and switches -- the loss of the block is effectively its noise figure.
Now, consider a phased-array antenna system used for analog beam-forming as shown in Fig. 1. In this example, we see two RX signal paths feeding into the single combiner. In general, there could be Narray signal paths input to each combiner.


						
Figure 1: Typical phased array RF configuration

Mathematically, the combiner in Fig. 1 will directly sum the input signals. Now, assume for simplicity that the antenna apertures, antenna gains, feed paths, LNA’s and phase-shifters of each branch are identical. Then, the signal-flow can be depicted as in Fig. 2, where Sin is the variance of the electrical signal delivered by a single antenna-element to its respective branch in the array. Likewise, Nin represents the noise variance delivered by a single antenna-element at room temperature to an RF chain impedance-matched to the antenna. Hence,  Nin  = kTB,  where  k is the standard Boltzmann constant, T is temperature of 290K, and B is the bandwidth of interest. Since incident field and antennas are identical, we can expect Sin and Nin to be identical.
Let us express the power gain and noise-figure of each (assumed to be identical) RF chain of the array to be Abranch and NFbranch, respectively; Acomb and NFcomb represent the power gain and NF of the combiner; Scomb and Ncomb represent the signal and noise powers after ideal summation. Lastly, let Sout and Nout represent the powers of the signal and noise at the output of the combiner.


[image: ]
Figure 2:  Signal flow for a 2-antenna RX system
Coherent Beamforming
If the phase shifters have been adjusted so that the desired-signals have been coherently combined, i.e., perfectly beam-formed, into a single beam, then, we can see from Fig.2 that the following hold:
 .
Similarly, recalling that  , the combined noise can be computed as 
  .
Notice that, since noise is an uncorrelated signal, the noise from each chain does not add coherently. Thus noise powers are only doubled, not quadrupled, at the combiner output. Next, if we account for the gain and the noise of a non-ideal combiner as shown in Fig. 2, we can write the desired-signal power as 
 .
The total noise power at the output of the combiner can be expressed as 
 .
Hence, the SNR at the output of the combiner can be expressed as 
,  
     ,  
     ,	
where we have defined 
.  

Now, consider the case of non-coherent combining, which could occur, for example, due to random phase-values in the phase-shifters due to lack of initialization. In this case, the output power from the combiner is 
 .
Then, following the steps as above, we can find the output SNR to be
     .
[bookmark: _GoBack]Thus, we see that coherent combining improves the SNR of the phased-array system compared to the non-coherent case by 3 dB, which supports our intuition. In general, for system with Narray signal paths input to each combiner, the increase in SNR is Narray .

Destructive Beamforming or Spatial Nulling
This scenario is purely of theoretical interest to gain intuition into the performance of the system. Consider the case where the phase-shifters are programmed to cancel out the signals from other branches. Hence, the phased-array system effectively directs spatial null at the incoming signal. Then, clearly, 
.
Then, it is easy to see that, 
.

1.1. Relation to Effective Isotropic Sensitivity (EIS)
Consider the discussion in [2], wherein we defined the effective isotropic sensitivity to be 
PEIS (dBm) = Nt + 10log10(BW) + SNR + Other losses+ margin + NF - array gain + beam pointing loss – diversity gain  ,
where:
· Nt (thermal noise) = -174 dBm/Hz
· NF – noise figure of the conducted path, which correspond to NFbranch  in this paper.
· Other losses = losses due to phone casing, etc.
The term (NF - array gain + beam-pointing loss) includes several terms in the RX path, such as antenna aperture, antenna gain, feed loss, beam-forming gain, and the NF of the receiver-chain. The SNR improvement derived in this paper represents one portion of this expression, viz., the beam-forming gain and the NF from the antenna port up to, and including, the combiner.



Conclusion
In this paper, we compute the SNR of a phased-antenna array. When the signal combine coherently (i.e. perfect beamforming), the SNR increases linearly with the number of antennas, which supports our intuition. Similar results could be obtained for a transmit beamforming system. 
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